We analyze thermal convection in a fluid layer confined between isothermal horizontal boundaries at which the tangential component of the fluid stress vanishes. The layer rotates about an oblique, nearly vertical axis. Using a model set of equations for w, the horizontal planform of the vertical velocity component, and , a stream function related to a large-scale vertical vorticity field, we describe the instabilities of convection rolls. We show how the usual Küppers-Lortz instability, which leads to a continual precession of the roll pattern, can be suppressed by the oblique rotation vector. Of particular interest is the small-angle instability of rolls, to perturbations in the form of rolls that are almost aligned with the primary rolls; at finite Prandtl number, this instability is not prevented by the horizontal component of the rotation vector, unless this component is sufficiently strong, in which case stability is confined to small-amplitude rolls near the marginal stability boundary. A one-dimensional instability leading to amplitude-modulated rolls is unaffected by the oblique rotation. Numerical simulations of the model equations are presented, which illustrate the instabilities analyzed.
I. INTRODUCTION
Convection in a horizontal fluid layer rotating about an oblique axis is the archetypal model problem for convection in planetary atmospheres. It also represents an interesting pattern formation problem, since the vertical and horizontal components of the rotation vector ⍀ tend to have competing effects on the stability of convection rolls. First we recall that the vertical component ⍀ v tends to lead to the Küppers-Lortz instability ͓1,2͔, which causes convection rolls to precess continually about the vertical in the same sense as ⍀. However, the horizontal component ⍀ h tends to lead to a preference for rolls whose axes are aligned with ⍀ h ͑see, for example, Refs. ͓3-7͔͒. In this paper we describe the influence of the competition between these two effects upon the stability of convection rolls, through asymptotic analysis and numerical simulation.
Of particular interest is the influence of a large-scale vertical vorticity mode upon the convection, which is investigated here in the analytically tractable case of ''ideal'' boundary conditions ͑in particular, zero tangential fluid stress at the boundaries͒, so that the large-scale mode is only weakly linearly damped. However, this mode is also known to play a significant role when more realistic, rigid, boundary conditions are adopted, even though its amplitude is significantly less in that case.
We analyze the convection through a pair of coupled nonlinear partial differential equations for the vertical velocity component w, and a stream function that describes the large-scale motions. In these model equations, the dependence of the flow field upon the vertical coordinate z is factored out, so that the model directly involves the dependence of w and upon only the horizontal coordinates x and y, and time. The model is based on that of Ponty, Passot, and Sulem ͓8͔, and is similar to other models, for example, Refs.
͓9-11͔.
We begin our analysis by studying the Küppers-Lortz instability of convection rolls, treating first the comparatively straightforward case of infinite Prandtl number, so that the large-scale vertical vorticity mode plays no significant role. Our broad conclusion is that rolls sufficiently well aligned with ⍀ h are stabilized to the Küppers-Lortz instability, provided ͉⍀ h ͉ is sufficiently great. Our results correct those of Roxin and Riecke ͓12͔.
When, by contrast, the Prandtl number is finite, the Küppers-Lortz instability is more complicated. The usual weakly nonlinear analysis of this instability proceeds by considering a ''primary'' set of rolls, with wave vector k 0 , perturbed by a ''secondary'' set of rolls, with wave vector k 1 . In the weakly nonlinear formulation near the onset of motion, where the Rayleigh number R is close to its critical value R c , both ͉k 0 ͉ and ͉k 1 ͉ are roughly equal to the critical wave number k c of the linear stability theory. Provided that the angle between k 0 and k 1 is not near 60°or 120°, the wave vectors k 0 Ϯk 1 of the second-order harmonics lie away from the circle of critical wave vectors, i.e., they are not resonant, and their amplitudes are slaved to those of the primary and secondary rolls. However, when the angle is small, ͉k 0 Ϫk 1 ͉Ӷk c and the corresponding harmonic generates a largescale motion ͓2͔. In the case of stress-free horizontal boundaries, as contemplated here, this motion is only weakly damped, and so must explicitly be included, together with the near-marginal mode with wave vector 2k 0 Ϫk 1 , in the analysis of the instability in the small-limit. The treatment of this limit has been given elsewhere when the rotation vector is exactly vertical ͓13͔: there it is found that when (R ϪR c )/R c ϭO(⑀ 2 ), where 0Ͻ⑀Ӷ1, all rolls are unstable to perturbations oriented at an angle ϭO (⑀ 2/5 ), regardless of the vertical rotation rate. On the other hand, instability to either the usual Küppers-Lortz disturbances, which have ϭO(1), or to disturbances with Ӷ⑀ 2/5 , requires that the vertical rotation rate exceed some threshold value. The effects of a weakly tilted rotation vector are explored below, and it is shown that some rolls ͑those of the smallest amplitude, farthest from being aligned with ⍀ h ) may be stabilized against the small-angle Küppers-Lortz instability.
To facilitate the analysis of the small-angle Küppers-Lortz instability, we assume for algebraic convenience that ͉k 0 ͉ ϭ͉k 1 ͉ϭk c , although exact equality is not essential to the instability. If this assumption is relaxed, so that ͉k 0 ͉,͉k 1 ͉ Ϸk c , then a further instability is found, this time present even for the exact alignment between the original and the perturbing rolls ͑i.e., for ϭ0), through an analog of the Eckhaus instability ͓14͔. However, in the presence of nonzero ⍀ v , this instability is essentially modified from the usual Eckhaus instability in two respects ͓15-17͔. First, rather than being purely a phase instability, it may have a significant impact on the amplitude of the convection and can lead to a pattern of stable, strongly localized convection. Second, if ⍀ v is sufficiently large, and the Prandtl number not too large, then all rolls may be susceptible to this instability at onset, generally leading to localization of the convection, to convection in a planform other than rolls, or to time-dependent convection. There are, of course, many other instabilities to which the rolls may be susceptible, including the zigzag and skewedvaricose instabilities. A detailed analysis of these other instabilities is given by Pollicott ͓18͔.
Our analysis of the various instabilities is compared with numerical simulations in Sec. VI, which allow us to determine the nonlinear development of the instabilities.
II. MODEL EQUATIONS FOR ROTATING CONVECTION
In this section, we introduce a reduced two-dimensional model for rotating convection in a Boussinesq fluid. Such models have been widely used for studying convection ͓8-11͔ and have the advantage of greatly simplifying both analytical and numerical studies, while capturing the essential features of the convection.
Our model is essentially that of Ponty et al. ͓8͔ , derived for the case ⍀ h ϭ0, but with an additional linear term ͓6͔ reflecting the presence of a small horizontal component in the rotation vector. Its derivation is now briefly sketched. It is assumed that the parameters are such that the onset of convection is steady, and that the horizontal boundaries at the top and bottom of the fluid layer are stress-free and isothermal. The horizontal component of the rotation vector is chosen to point in the y direction, so ⍀ϭ(0,⍀ h ,⍀ v ). The solution to the governing equations is then expanded in powers of a small parameter ⑀, proportional to the square root of the excess Rayleigh number, assuming that convection is close to onset and that ⍀ h ϭO(⑀). As Ponty et al. ͓8͔ indicate, it is necessary to make some simplifying assumptions concerning the form of the solution at second order in order to complete the derivation of a relatively simple model. The price that we pay for this relative simplicity is that the resulting model equations are not strictly asymptotic, and involve terms of mixed asymptotic order. The final dimensionless equations involve the vertical velocity component w (x,y,t) , where the dependence on the depth of the fluid layer has been factored out, and a stream function (x,y,t) for the mean flow. It is a consequence of the slight deviation from a vertical rotation axis that the only influence of nonzero ⍀ h is through an additional linear term in the equation for w; the form of this term was derived by Busse ͓6͔. The model equations are
where M ϭw 2 ϩ"w•"w.
The parameter is proportional to ⍀ h ͓6͔, and appears only in one linear term in Eq. ͑1͒; this term alone breaks the rotational invariance of the system. The parameters ␣ 0 , . . . ,␣ 6 and are functions of the Prandtl number Pr and the Taylor number, and r is a rescaled Rayleigh number ͓8͔.
The terms ␣ 2 , ␣ 4 , ␣ 5 , and ␣ 6 are odd functions of ⍀ v , and these terms break the reflection symmetry of the system. If ⍀ v Ͼ0, then ␣ 2 and ␣ 5 are positive but ␣ 4 and ␣ 6 are negative. The model has the symmetry w→Ϫw, which is inherited from the up-down symmetry of the original problem. This model shows similarities to other two-dimensional convection models that include a pattern mode w and a largescale vorticity mode . Unlike the models of Neufeld et al. ͓10͔ and of Cox ͓11͔, however, our model allows the largescale mode to evolve in time, rather than be enslaved to the pattern mode w. Our model corresponds closely to that of Ponty et al. ͓8͔ , but with the addition of the term in . As discussed by Roxin and Riecke ͓12͔, we can regard as representing any effect that breaks the isotropy of the system, such as an oblique rotation axis ͑as here͒, or a weak imposed flow.
The basic state of no motion is wϭϭ0, and when linearized about this state Eqs. ͑1͒ and ͑2͒ decouple, so that a mode with wave vector kϭ(k,l) has growth rate w or , where
In the isotropic case (ϭ0) the modes of maximum growth rate are those on the circle ͉k͉ 2 ϭ1, but for nonzero this situation is further restricted so that the mode of maximum growth rate occurs when kϭ1, lϭ0, i.e., for rolls with their axes aligned with the horizontal component of the rotation vector. For rolls that are not aligned, the mode of maximum growth rate has ͉k͉ϭ1ϩO(⑀ 2 ). On large horizontal scales, is only weakly damped, reflecting the fact that a uniform flow is neutrally stable with stress-free boundaries. This near-neutral large-scale mean flow plays a crucial role in modulational instabilities of the convection ͓13,16,19͔.
In Sec. III we consider the simpler case of infinite Prandtl number, when may be neglected. A more complicated general case is discussed in Sec. IV.
III. INFINITE PRANDTL NUMBER
In the limit of large Prandtl number Pr, is strongly damped and models ͑1͒ and ͑2͒ reduce to the single equation
Here we have introduced a parameter q, to facilitate comparison with the model of Roxin and Riecke ͓12͔ ͑for which we set ϭ1, qϭ0, ␣ 1 ϭ0); for our model, qϭ1. For ⑀Ӷ1 we expand the solution to Eq. ͑5͒ as
and consider terms at successive orders of ⑀ in Eq. ͑5͒. We consider the stability of one set of rolls ͑A͒ to a second set of rolls ͑B͒ whose axes lie at some angle to those of the A rolls. Thus
where Tϭ⑀ 2 t, representing rolls whose axes make angles and ϩ with the y axis, as shown in Fig. 1 
ϷϪ. ͑10͒
So, just inside the marginal stability curve, the rolls are unstable. This instability will be referred to as an alignment instability, since it tends to bring the most poorly aligned rolls closer into alignment with the horizontal component of the rotation vector.
Another special case of interest is the rolls with ϭ0, which are aligned with the horizontal component of the rotation vector. In this case, the growth rate of the Küppers-Lortz instability satisfies, from Eq. ͑8͒,
Comparing this expression with the corresponding expression ͑7͒ for ϭ0 shows that the growth rate is reduced when 0, in other words, the horizontal component of the rotation vector inhibits the Küppers-Lortz instability.
Returning to the general case, we seek, for rolls of a given orientation ͑i.e., a given value of ), the most dangerous mode of instability, by maximizing over all in Eq. ͑8͒. We then consider the stability boundary, given by max ϭ0. In the Roxin and Riecke ͓12͔ case
However, the stability boundaries plotted in Ref. ͓12͔, stemming from Eq. ͑11͒, are incorrect, since they are inconsistent with the result following from Eq. ͑9͒ showing that smallamplitude rolls are always unstable; we correct them below. In the general case ͑8͒, the growth rate is maximized when ϭ max , where
At this value of , the corresponding growth rate satisfies
where taking the positive square root ensures that this is the maximum value of ͑rather than the minimum͒. The stability boundary for rolls is then max ϭ0. . ͑14͒ Figure 2 shows the stability region for rolls, derived from Eq. ͑14͒ when rϭ0.2, in two cases: ␣ 2 ϭ1Ͻ␣ KL and ␣ 2 ϭ2Ͼ␣ KL . In the former case, Fig. 2͑a͒ , all rolls are stable to the Küppers-Lortz instability when ϭ0, and this forces the stability boundary to have the indicated topology. As is increased, rolls significantly out of alignment are the first to become unstable. By contrast, in the latter case, Fig. 2͑b͒ , all rolls are Küppers-Lortz-unstable when ϭ0, and hence the stability region has a different topology ͑it is closed at the bottom͒. Here must exceed some threshold before the tendency of rolls to align with can stabilize them against the Küppers-Lortz instability. Note that some rolls with positive are unstable for ϭ0, and as is increased, first become stable and then become unstable again. There are two physically distinct instability mechanisms acting here: the ''alignment'' instability, caused by the horizontal component of the rotation vector, and the Küppers-Lortz instability, caused by the vertical component. However, these two instabilities cannot be clearly distinguished since their growth rates are given by a single formula.
Regardless of the value of ␣ 2 ͑provided it is nonzero͒, by virtue of the fact that the fluid layer has a vertical component FIG. 2 . Marginal stability curve ͑heavy line, delineating the region of existence of rolls͒ and stability regions, according to Eq. ͑14͒, with rϭ0.2 and ͑a͒ ␣ 2 ϭ1 or ͑b͒ ␣ 2 ϭ2. The stability of rolls to the Küppers-Lortz instability is indicated.
of rotation vector, we expect the stability boundary to be asymmetrical about ϭ0, since the ␣ 2 term breaks the reflection symmetry of the system. This asymmetry is readily observed in the asymptotic form of the stability boundary for large , which is found from Eq. ͑14͒ to be
By contrast, the two sections of the marginal stability curve, between which rolls exist, are symmetrical and are given by
At leading order therefore, for large , the width of the region of stable rolls is narrower than the width of the region in which the rolls exist by a factor of ͱ2. The same result holds for the more general stability boundary ͑13͒.
A further noteworthy consequence of the asymmetry of the stability boundary arises when it has the topology of Fig.  2͑b͒ . In this case, as is increased, the first rolls to be stabilized to the Küppers-Lortz instability are not those aligned with ⍀ h ; instead, the minimum of the stability boundary corresponds to the rolls with some positive value of . This preference illustrates a balance between the physical influences of the two components of ⍀, one tending to force alignment with the y axis, the other tending to turn rolls counterclockwise. It is not possible to write down a simple analytical expression for this preferred value of in general, but when ␣ 2 just exceeds the threshold value ␣ KL , it is readily determined that the stability boundary takes the form 2 ϳ 2͑␣ 2 /␣ KL Ϫ1 ͒r cos 2ϩsin 2 , and hence that the first rolls to be stabilized to the Küppers-Lortz instability have
Results for the more general stability boundary ͑13͒ show the same qualitative features as discussed above and as shown in 
IV. FINITE PRANDTL NUMBER
We now turn to the more complicated case of finite Prandtl number Pr, so the governing equations are Eqs. ͑1͒ and ͑2͒, and proceed as in the case Prϭϱ, but also expanding the mean flow, so that
As when Prϭϱ, w 1 takes the form Eq. ͑6͒ and w 2 ϭ0. By considering the terms at O(⑀ 2 ) we find 
Their stability is determined by the growth rate of perturbations to the B-rolls, which satisfies
Analysis of this expression for is in general rather complicated. In the limit Pr→ϱ, Eq. ͑18͒ reduces to ͑8͒; for finite Pr the region of stability of rolls is modified. Figure 3 shows the growth rate as a function of for a typical case. Note that the growth rate has a maximum at a finite value of , but diverges as →0. This divergence is a generic feature of the Küppers-Lortz instability with stress-free boundaries ͓2,8,13͔. Rolls are always unstable to small-angle perturbations, and the introduction of a horizontal component of the rotation vector does not appear to prevent this instability ͑except for the rolls very close to the marginal curve-see Sec. IV A͒.
In what follows, we shall be particularly concerned with the limit →0, in which the original rolls and the perturbing rolls are almost in alignment with each other. We therefore note at this point that the coefficients ϩ , , and are all bounded in this limit, but that the large-scale mean-flow component Ϫ is singular, with
indicating that the calculation needs to be considered more carefully when is small. In the limit →0, we find from this analysis that
This breakdown in the theory reflects our incorrect treatment of the mode Ϫ , which is treated as slaved to the A and B modes; whereas when these two sets of rolls are almost aligned, this mode is dynamically significant in its own right.
A. The limit of nearly aligned rolls
In order to resolve the divergence of the growth rate for the instability of one set of the rolls to a second set, nearly aligned with the first, we need to consider three perturbations of significance, as illustrated in Fig. 4 . We simplify the following analysis by assuming that both the original rolls and one of the perturbing rolls have critical wave numbers. We thus consider the stability of the A 0 rolls with wave vector (k,l), where
to perturbations with wave vectors (kϩm,lϩn) (A 1 rolls͒, (kϪm,lϪn) (A 2 rolls͒, (m,n) (C mode͒, where
In our prior notation,
In view of Eqs. ͑20͒ and ͑21͒, it follows that 2͑kmϩln͒ϩm 2 ϩn 2 ϭ0. ͑23͒
Then from Eq. ͑22͒, it follows that sin ϭknϪlm. To study nearly aligned rolls, we suppose that is small and hence so are the wave numbers m and n; in this limit, ϳknϪlm ϳ(m 2 ϩn 2 ) 1/2 . It is not possible to write down self-consistent nonlinear amplitude equations for modes A 0 , A 1 , A 2 , and C as in the preceding section. This is because, for small , the interaction of the C mode with each of the A modes generates a further near-marginal A mode. Instead, we consider the A 0 mode to be the basic state and the other modes to be small perturbations; it is then possible to derive asymptotically self-consistent linearized equations for the perturbations.
In order to determine the stability of rolls, we consider expanding a solution to Eqs. ͑1͒ and ͑2͒ in the form
where ␦ is an infinitesimal quantity, and A 1 , A 2 , and C represent perturbations to the rolls, whose amplitude is given by Although a variety of small-scalings is necessary in order to describe fully the stability of the A 0 rolls, the most important is the scaling that allows a matching to the apparently divergent Küppers-Lortz result ͑19͒, resolves the divergence of the growth rate, and contains the maximum growth rate. When ϭ0, as shown by Cox and Matthews ͓13͔, the appropriate scaling is m,nϭO͑⑀ 2/5 ͒, ͑25͒
with a growth rate
If we adopt this scaling for the present problem, in which does not necessarily vanish, we find that A 1 , A 2 , and C satisfy
independent of . Thus the growth rate satisfies 2 2 ϩ4͑m 2 ϩn 2 ͒ 2 ϩ 4␣ 3 ␣ 6 Pr ͑ knϪlm͒ 3 A 0 2 ϭ0. ͑30͒
The scalings ͑25͒-͑29͒ allows us to match the apparently divergent growth rate of the Küppers-Lortz analysis in the limit →0 to a regular, nondivergent expression valid at small angles between the original and perturbing rolls, since taking the limit m 2 ϩn 2 →ϱ in Eq. ͑30͒ gives
which agrees with the divergent small-angle limit ͑19͒ of the Küppers-Lortz instability obtained above. Hence, as described in Ref.
͓13͔ for the case ϭ0, all rolls are unstable in this scaling. While one might have expected the presence of a nonzero horizontal component of the angular velocity vector to exert a stabilizing influence on rolls with appropriate orientation, its magnitude here is too small to do so ͓its contribution to the growth rate is O(⑀ 2 ), which is asymptotically smaller than the growth rate ͑29͒ found here͔.
Increasing the magnitude of stabilizes some of the rolls, as we now demonstrate. We begin by noting that the instability in Eq. ͑30͒ is forced by the term
Rolls might thus escape instability if this term could somehow be made smaller than the scalings ͑25͒-͑29͒ suggest. For example, near the edge of the region of existence of the original rolls, their amplitude A 0 , and hence this instabilitygenerating term, is small. Thus we now explore how to rescale quantities so as to include both the ''small-angle'' Küppers-Lortz instability illustrated in Eq. ͑31͒ and the alignment instability of nonzero ͓illustrated in Eq. ͑9͒ for Prϭϱ]. It turns out that in order to introduce stabilizing terms, must be large and so l must be small, to maintain the asymptotic balance lϭO(1) implicit in Eq. ͑24͒. The actual derivation of the new scalings is rather algebraically involved. We proceed by considering the terms that arise in equations for the quantities d(A 1 ϩA 2 )/dt, d(A 1 ϪA 2 )/dt and dC/dt. We choose a scaling so as to ensure the presence of certain terms that will give a balance between the small-angle instability described above, and in more detail by Cox and Matthews ͓13͔, and the tendency to align with nonzero . A considerable amount of trial and error is suppressed in the following description. In the equation for d(A 1 ϩA 2 )/dt, the key terms are proportional to
Likewise, in the equation for d(A 1 ϪA 2 )/dt, the key terms are proportional to
Finally, in the equation for dC/dt, the time derivative itself is asymptotically smaller than those terms retained, of which the key terms are
With no loss of generality, we specify the order of one of the perturbation quantities by setting A 1 ϪA 2 ϭO(1). Then, by balancing the terms indicated, we find 
ϭ0. ͑35͒
In analyzing the stability of these small-amplitude rolls according to Eq. ͑35͒, we first note that there can be no oscillatory instability because if the imaginary part i is nonzero then the real part r ϭϪ⑀ 2 2 n 2 /р0. Thus in our examination of instability, we restrict attention to the case of real .
For a given set of rolls, we aim to maximize over n ͑with 2mϩn 2 ϭ0 to this order͒. .
͑39͒
Since the term on the right-hand side of Eq. ͑39͒ is small, we may approximate l c by ͱr/ in this term, leading to
This indicates the location of the stable rolls just inside the marginal stability boundary and shows how the width of the band of stable rolls increases as increases. ͓The alternative case n max ϭ0, which appears from Eq. ͑38͒ to offer the prospect of also giving ⌳ max ϭ0, is ruled out since, by Eq. ͑37͒, it can apply only to lϭ0; however, when lϭ0, ⌳ is in fact maximized for n max ϭ9/16⑀ 4 4 Q, giving ⌳ max ϭ27/256⑀ 6 6 Q 2 Ͼ0, and instability.͔ By analyzing ⌳ max near lϭl c , we find that
as lϪl c →0. Thus rolls are predicted to be stable for l just greater than l c , i.e., for
Such a conclusion differs qualitatively from that found above for the case Pϭϱ, where rolls near the marginal curve are unstable. The resolution of this apparent discrepancy is not immediately obtained by taking the limit Pr→ϱ in Eq. ͑39͒, since we then find l c ϭ0, which suggests that all rolls with lϾ0 are stable in this limit. However, this conclusion is unwarranted, since further scalings would need to be considered to address properly the limit Pr→ϱ ͓we can see this by noting, from ͑38͒, that our computed maximum growth rate ⌳ max becomes small in this limit, and hence additional terms must be included͔. In this analysis of the small-angle Küppers-Lortz instability we have assumed that both the A 0 rolls and the A 1 rolls have exactly critical wave number. This assumption, while not crucial to the presence of the instability, yields considerable analytical simplifications. However, the assumption is too restrictive to capture a further instability that manifests itself when the A 0 and A 1 rolls are in extremely close alignment, in which case it must be relaxed. This instability is analyzed in the following section.
V. ONE-DIMENSIONAL MODULATIONAL INSTABILITY
In the limit of extremely close alignment between the original and the perturbing rolls, the above scalings need reconsideration, in order to permit analysis of an Eckhauslike instability ͓14 -17͔. Here we allow the wave vector of the original rolls to lie slightly off the critical circle and (m,n) to be roughly parallel to (k,l) ͑rather than roughly perpendicular, as in the preceding section͒, so that knϪlmӶkmϩlnӶ1, ͑41͒
rather than the scalings leading to Eq. ͑30͒. From eq. ͑41͒ combined with k 2 ϩl 2 ϳ1 it follows that
In the absence of the large-scale mode , such considerations yield the well-known Eckhaus instability; however, its characteristics are significantly modified by the presence of the slowly damped vertical vorticity mode ͓15,16͔. In particular, whereas the Eckhaus instability involves distortions to the phase of the pattern, the corresponding instability here distorts both the phase and the amplitude.
Near the onset, we consider a basic state of rolls in which
with k 2 ϩl 2 ϭ1. The amplitude of these rolls is, to leading order in ⑀,
where a is given in Eq. ͑16͒. 
Although, in principle, this system allows both oscillatory and monotonic instabilities, we find in practice that the monotonic instability is observed, and for small values of m and n. The condition for instability in the limit m,n→0 is readily found to be
In particular, all rolls are unstable if ␣ 6 ͑ ␣ 4 Ϫ2␣ 5 ͒Ͼ8Pr.
Since ␣ 6 ␣ 4 Ͼ0 and ␣ 6 ␣ 5 Ͻ0, all rolls are unstable to the one-dimensional instability of Matthews and Cox ͓15͔ at sufficiently small Prandtl number. This instability is not prevented by the horizontal component of the rotation vector ; the only effect of is to reduce the amplitude of the rolls, if they happen not to be aligned with the y axis. It is straightforward to see that the stability boundary for this instability reduces to that for the usual Eckhaus instability when the effects of the coupling to the large-scale mode become negligible, e.g., when ␣ 6 →0 or Pr→ϱ. In this limit, the familiar factor-of-three difference between the expressions for the marginal and Eckhaus stability boundaries becomes clear if the condition ͑42͒ for instability is written in the form
which should be compared with the corresponding expression
for the marginal stability boundary. FIG. 5 . Nonlinear evolution of mode amplitudes under the Küppers-Lortz instability in Eq. ͑5͒, with ϭ0 and ␣ 2 ϭ2. The instability continues indefinitely, forming a heteroclinic cycle.
VI. NUMERICAL SIMULATIONS
In this section we present numerical simulations of the model ͑5͒, for infinite Prandtl number, and Eqs. ͑1͒ and ͑2͒, for finite Prandtl number. These simulations allow comparison with the analytical results presented above for various instabilities of the roll pattern, and also investigation into the nonlinear development of these instabilities, which is not otherwise amenable to the analysis. Our code is pseudospectral, and periodic boundary conditions are applied in both horizontal directions. In each simulation the computational box is square, with sides of length Lϭ10. This size of box allows five pairs of rolls with critical wave numbers parallel to either side of the box. Adequate numerical resolution is obtained using 64ϫ64 Fourier modes. Time stepping is achieved through the so-called exponential time differencing method ͓20͔.
We name rolls according to their orientation as follows: rolls with wave vector (k 1 ,k 2 ) are called (k 1 ,k 2 )L/2 rolls. For example, rolls with critical wave numbers and axes parallel to the y axis are (5,0) rolls, or, equivalently, (Ϫ5,0) rolls. Since (i, j) rolls are equivalent to (Ϫi,Ϫ j) rolls, we may specify that iу0. This periodic computational box thus allows the following six critical rolls: (5,0), (4,Ϯ3), (3, Ϯ4), and (0,5) rolls, corresponding to ϭ0°, ϷϮ37°, ϷϮ53°, and ϭ90°, respectively.
The initial condition for each of our simulations takes the form of a roll pattern in one of these orientations added to a small random perturbation.
A. Infinite Prandtl number
First we simulate the infinite-Prandtl number model ͑5͒ for various values of r, , and ␣ 2 , fixing ⑀ 2 ϭ0.2, ϭ1, and ␣ 1 ϭϪ0.4, and compare our results with those of Sec. III. We carry out two sets of simulations, distinguished by the stability of rolls when ϭ0. In the first set, ␣ 2 Ͻ␣ KL Ϸ1.55, and all rolls are stable to the Küppers-Lortz instability when ϭ0; in the second set ␣ 2 Ͼ␣ KL , and all rolls are unstable when ϭ0 ͑i.e., the stability curves have the topologies of Figs. 2͑a͒ and 2͑b͒, although the parameter values are different there from those appropriate here͒. For each initial orientation of the pattern, we carry out a series of simulations for different values of , noting where the stability of the roll pattern changes. Tables I and II summarize the results obtained from the various simulations. Note that the finite size of the computational box has the consequence that the theoretical stability boundary is shifted slightly, since perturbation rolls with ϭ max are not generally permitted in the box, and it is more appropriate to compute the stability boundary using instead ϭϪ ͑Table I͒ or the value ϭ n corresponding to the most unstable mode found in our numerical simulations ͑Table II͒.
Consider first the simulations for ␣ 2 Ͻ␣ KL , corresponding to the parameter values in Table I . When ϭ0, all rolls are stable, regardless of their orientation. The (5,0) rolls remain stable as is increased, but, as exceeds various threshold values, the (3,Ϯ4) and (4,Ϯ3) rolls are destabilized in turn. In our simulations, the nonlinear development of the instability reveals that they are eventually replaced by Table I , the numerical stability thresholds are determined to within Ϯ0.005. The results for ϭ max give the threshold corresponding to Eq. ͑13͒, which is maximized over all orientations of perturbing rolls, while those for ϭ n give the theoretical threshold taking into account only the most unstable mode found in our numerical simulations, compatible with the finite computational box. a stable pattern of (5,0) rolls. Thus when is sufficiently large, rolls are forced to align with ⍀ h , as one might expect. By contrast, when ␣ 2 Ͼ␣ KL , all rolls are unstable to the Küppers-Lortz instability when ϭ0. Figure 5 shows the evolution of mode amplitudes over one cycle of the Küppers-Lortz instability for ϭ0 and ␣ 2 ϭ2 ͑cf. Ref. ͓13͔͒. The initial state consists of (3,4) rolls; these are unstable to (1, Ϫ5) rolls, which themselves are unstable to (4,Ϫ3) rolls. In turn the (4,Ϫ3) rolls are replaced by (5,1) and then (3,4) rolls, thereby completing the cycle, which then repeats indefinitely, with a noise-dependent time scale determined by numerical precision. Note that the (1,Ϫ5) and (5,1) rolls do not have a critical wave number. Figure 6 shows the evolution of the pattern at ϭ0.425 from an initial state of (3,4) rolls. Here, these rolls are predicted to be unstable to perturbing rolls with Ϫ96.7°ррϪ73.8°, and indeed we find in our simulations that the (3,4) rolls are eventually replaced by (4,Ϫ3)-rolls ͑which have ϭ90°). However, these rolls are themselves unstable ͑regardless of the value of when ␣ 2 ϭ2), and are eventually replaced by (5,0) rolls, which are stable. Figure 7 shows the corresponding evolution of the mode amplitudes.
For ␣ 2 Ͼ␣ KL , the stability boundary for rolls has a minimum at some Ͼ0, and for sufficiently large values of ␣ 2 this has the consequence that of the rolls permitted in our computational box, the first to become stabilized as is increased are not aligned with ⍀ h . In order to confirm this prediction, we choose ␣ 2 ϭ3 and perform a set of simulations with an initial pattern of (5,0) rolls ͑i.e., rolls aligned with ⍀ h ). For small values of , we observe the . Evolution of w in Eq. ͑5͒, with ϭ0.425 and ␣ 2 ϭ2. ͑a͒ (3,4) rolls at tϭ0. ͑b͒ Significant perturbation in the form of (4, Ϫ3) rolls at tϭ11 100. ͑c͒ Rectangle pattern at tϭ11 450. ͑d͒ (4, Ϫ3) rolls at tϭ13 900. ͑e͒ Distorted rolls at tϭ14 250. ͑f͒ (5,0) rolls at tϭ16 000. In this case the final state of (5,0) rolls is stable. FIG. 7 . Nonlinear evolution of mode amplitudes in Eq. ͑5͒, corresponding to Fig. 6 . Instability of the initial (3,4) roll pattern to (4,Ϫ3) rolls manifests itself at tϷ11 400. These rolls are ultimately replaced by stable (5,0) rolls.
FIG. 8. Evolution of w in Eq. ͑5͒ for ϭ0.4 and ␣ 2 ϭ3. ͑a͒ (5,0) rolls at tϭ0. ͑b͒ Perturbed (5,0) rolls at tϭ550. ͑c͒ Wavy rolls at tϭ700. ͑d͒ Rectangular pattern at tϭ750. ͑e͒ Wavy (4,3) rolls at tϭ800. ͑f͒ Stable (4,3) rolls at tϭ1000.
Lortz instability, leading to an ever-repeating cycle similar to that illustrated in Fig. 5 . However, when is sufficiently large, the result is qualitatively different, since some rolls become stable-the first rolls to be stabilized turn out to be the (4,3) rolls. In Fig. 8 we show the pattern evolution when ϭ0.4, during which the (5,0) rolls are ultimately replaced by stable (4,3) rolls, and there is no Küppers-Lortz cycle. As is increased further ͑i.e., above Ϸ0.515), the (5,0) rolls themselves become stable. These results are summarized in Table II , which shows the values of for which the (5,0) and (4,3) rolls are stable according to our analytical and numerical results: as is increased from zero, (5,0)-rolls are initially unstable, but become stable when exceeds some threshold. Rolls in any other orientation are initially unstable, then stabilize, then become unstable once more, and finally cease to exist as is increased ͓cf. Fig. 2͑b͔͒ .
B. Finite Prandtl number
We now turn to finite-Prandtl-number simulations of Eqs. ͑1͒ and ͑2͒ to illustrate the influence of the small-angle and modulational instabilities on the convection pattern. Of course, these instabilities do not arise in isolation and in the process we also observe the more familiar skewed-varicose instability that is known to arise at finite Prandtl numbers ͓21,22͔. Since many of our simulations produce qualitatively similar results, we illustrate them first with two sets of simulations, carried out for Prϭ2, and corresponding to a Taylor number of 1600. The parameter values are then: ␣ 0 ϭϪ0.398, ␣ 1 ϭϪ0.3, ␣ 2 ϭ1.0, ␣ 3 ϭ8.273, ␣ 4 ϭϪ3.670, ␣ 5 ϭ2.447, ␣ 6 ϭϪ0.918, and ϭ1.034. We also set rϭ1 and ⑀ϭ0.3. Each simulation has an initial state of (5,0) rolls with a small random perturbation.
When ϭ0, rolls are stable to the finite-angle form of the Küppers-Lortz instability, but unstable to the small-angle instability of Sec. IV A. Figure 9 shows the dominant mode amplitudes in this simulation, and Fig. 10 shows the corresponding evolution of the pattern. Initially the (5,1) and (5, Ϫ1) roll perturbations grow together, corresponding to the modes A 1 and A 2 in the theory of Sec. IV A, although neither has a critical wave number here. Eventually the (5,1) mode dominates and a pattern of (5,1) rolls ensues. This pattern is also unstable and is replaced in turn by (5,2) and then by (4,3) rolls. The (4,3) rolls are similarly unstable, this time to perturbations in the form of the (3,4) and (5,2) modes, This example can be related directly to the analysis of Sec. IV A, since both the initial rolls and one of the perturbing rolls have a critical wave number. Here, in the notation of that section, kϭ . As in our infinite-Prandtl-number simulations at ϭ0, the orientation of the roll pattern continues to precess about the vertical, although the angle between successive rolls is much smaller here, leading to a generally wavier pattern, apparent in Fig. 10 . Note that we are sufficiently far above onset that the participating rolls do not necessarily have critical wave numbers ͓e.g., the wave number of the (5,2) rolls is 1.077].
For nonzero , some roll patterns become stabilized to these small-angle perturbations for sufficiently large , as they did in the infinite-Prandtl number case to the Küppers-Lortz instability, e.g., at ϭ1.1 the (4,3) rolls are stable. In a simulation from an initial state of (5,0) rolls, again at ϭ1.1 the pattern is initially replaced by (5,1) rolls; but these FIG. 9 . Nonlinear evolution of the dominant mode amplitudes in Eqs. ͑1͒ and ͑2͒, when ϭ0. The initial (5,0) rolls are unstable to (5,Ϯ1) modes, which grow at almost identical rates, until eventually ͑at tϭ125), one perturbation wins, and a pattern of (5,1) rolls is obtained. These rolls are themselves unstable, and are replaced in turn by (5,2) rolls and (4,3) rolls. rolls are unstable to small-angle perturbations, and eventually a stable (4,3) roll pattern is obtained. The evolution of this pattern is shown in Fig. 11 . Note that the final steady pattern of rolls is not aligned with ⍀ h . At even higher values of , the stable pattern is in closer alignment with ⍀ h .
In our final set of simulations, we illustrate the effects of the modulational instability identified in Sec. V; to do so, we reduce Pr in order to satisfy Eq. ͑42͒. In all our simulations with ϭ0, we find that rolls become unstable to the smallangle instability before the predicted modulational instability can be observed ͑although we could clearly find this instability by restricting the perturbations to be parallel to the original rolls͒. The reason for this is the faster growth rate of the small-angle instability identified in Eq. ͑29͒. In order to eliminate the small-angle instability, the value of is increased; we find a value of ϭ3 to be sufficient. Results are shown for Prϭ0.6, rϭ1 and ⑀ϭ0.5 with an initial pattern consisting of (5,0)-rolls. For a Taylor number of 400 ͑so that ␣ 0 ϭϪ9ϫ10 Ϫ3 , ␣ 1 ϭϪ0.5, ␣ 2 ϭ1.0, ␣ 3 ϭ12.367, ␣ 4 ϭϪ13.333, ␣ 5 ϭ8.889, ␣ 6 ϭϪ0.999, and ϭ1.546), we find that, while the (5,0) rolls are initially unstable to the skewed-varicose instability, this pattern itself becomes modulated in a manner analogous to that of the onedimensional instability shown in Fig. 12͑a͒ . Eventually a one-dimensional, steady, modulated roll pattern, shown in Fig. 12͑b͒ , is obtained. At higher values of the vertical component of the rotation vector, a modulated skewed-varicose pattern ͓cf. Fig. 12͑a͔͒ is the final steady state of the system.
VII. CONCLUSIONS
In this paper we have studied the competing influences of the vertical and horizontal components of the rotation vector on the problem of pattern formation in thermal convection. Although this problem is of considerable geophysical relevance, it has received very little investigation in comparison with the case of a purely vertical rotation vector.
The horizontal component ⍀ h of the rotation vector breaks the orientational degeneracy of the problem, so that, in general, convection occurs in the form of rolls rather than more complicated patterns such as squares or hexagons. The rolls are subject to a competition between the Küppers-Lortz instability that leads to a continual precession of the roll axes, and the alignment instability that leads to a preference for rolls aligned with ⍀ h . This competition can be analyzed within the framework of weakly nonlinear amplitude equations, provided that ͉⍀ h ͉ is small.
When the effects of the large-scale mean flow are negligible ͑e.g., in the limit of infinite Prandtl number͒, the problem can be studied with a single model equation ͑5͒. When the vertical rotation rate ⍀ v is small, rolls are susceptible only to the alignment instability. A band of possible roll alignments exists, and within this band there is a smaller band of stable rolls. For larger ⍀ v , the heteroclinic cycle associated with the Küppers-Lortz instability is broken, provided that ͉⍀ h ͉ is sufficiently large. There is then a band of stable rolls, but this band need not include rolls aligned with ⍀ h ; stable rolls can be aligned at an angle to ⍀ h , so that the effects of the competing instabilities balance.
When the Prandtl number is finite, the problem is complicated by the presence of a neutral large-scale flow that greatly increases the range of potential instabilities of rolls. These large-scale instabilities include the small-angle form of the Küppers-Lortz instability ͓8,13͔, the skewed-varicose instability ͓19͔, and a one-dimensional amplitudemodulation instability ͓15,16͔. The small-angle instability is not prevented by ⍀ h , in the sense that almost all rolls within the band of existence remain unstable. Only a very narrow range of small-amplitude rolls near the edge of this band can be stable. We have not discussed in detail in this paper the skewed-varicose instability, since its behavior is similar to the nonrotating case ͓18͔. The one-dimensional instability is also unaffected by ⍀ h .
We have conducted a sequence of numerical experiments to illustrate these various instabilities and to study their nonlinear development. The numerical results are consistent with the analytical predictions for the stability and instability of the rolls. In all cases, the instabilities evolve to a new state consisting of pure rolls of a different alignment or a heteroclinic cycle between roll states; there is no evidence of more complex steady-state patterns, such as wavy rolls. However, more complicated patterns are observed if the box size is increased, or if the simulations are carried out further from onset ͓8,12,18͔.
